EISSN 2319 — 7765 


ISSN 2319 - 7757 


RESEARCH 


Indian Journal of 


Engineering 


Somewhat rg-continuous and somewhat rg-open functions 


Balasubramanian S', Sandhya C?, Saikumar MDS? 


1. Department of Mathematics, Govt. Arts College (A), Karur — 639 005, Tamilnadu, India, E-mail: mani55682@rediffmail.com 
2. Department of Mathematics, C.S.R. Sarma College, Ongole — 523 001, Andhraparadesh, India, E-mail: sandhya_karavadi@yahoo.co.uk 
3. Department of Mathematics, Krishnaveni Degree College, Narasaraopet — 522 601, Andhraparadesh, India, E-mail: mds_sai@yahoo.co.in 


Received 17 September; accepted 03 October; published online 01 November; printed 16 November 2012 


ABSTRACT 


In this paper we discuss new type of continuous functions called slightly rg—continuous; somewhat rg-continuous and somewhat rg- 
open functions; its properties and interrelation with other such functions are studied. 
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1. INTRODUCTION 


D-open sets are introduced by Andrijevic in 1996. K.R.Gentry introduced somewhat continuous functions in the year 1971. V.K.Sharma and the present 
authors of this paper defined and studied basic properties of v-open sets and v-continuous functions in the year 2006 and 2010 respectively. T.Noiri and 
N.Rajesh introduced somewhat b-continuous functions in the year 2011. Inspired with these developments we introduce in this paper slightly 
rg-continuous, somewhat rg-continuous functions and somewhat rg-open functions and study its basic properties and interrelation with other type of 
such functions. Throughout the paper (X, t) and (Y, o) (or simply X and Y) represent topological spaces on which no separation axioms are assumed 
unless otherwise mentioned. 


2. PRELIMINARIES 


2.1. Definition 2.1 
Ac X is called (i) g-closed[rg-closed] if cl Ac U whenever Ac U and U is open in X. (ii)b-open if Ac(CKA})°A chA}. 


2.2. Definition 2.2 

A function f:X— Y is said to be 

(i) continuous[resp: nearly-continuous; ra-continuous; v-continuous; a-continuous; semi-continuous; B-continuous; pre-continuous] if inverse image of 
each open set is open[resp: regular-open; ra-open; v-open; «-open; semi-open; B -open; preopen]. 

(ii) nearly-irresolute[resp: ra-irresolute; v-irresolute; a-irresolute; irresolute; B-irresolute; pre-irresolute] if inverse image of each regular-open[resp: ra- 
open; v-open; a-open; semi-open; B-open; preopen] set is regular-open[resp: ra-open; v-open; a-open; semi-open; B-open; preopen]. 

(iii) almost continuous[resp: almost nearly-continuous; almost ra-continuous; almost v-continuous; almost a-continuous; almost semi-continuous; almost 
B-continuous; almost pre-continuous] if for each x in X and each open set (V, f(x)), J an open[resp: regular-open; ra-open; v-open; a-open; semi-open; B- 
open; preopen] set (U, x) such that fU) c (cl(V))°. 

(iv) somewhat continuous[resp: somewhat b-continuous; somewhat v-continuous] if for Ueo and 

f-1(U) #q, there exists a non empty open[resp: non empty b-open; non empty v-open] set V in X such that V4 @ and Vc f° "(U). 

(v) somewhat-open[resp: somewhat b--open; somewhat v-open] provided that if Uet and Ux q, then there exists a non empty b-open set[resp: non empty 
b-open; non empty v-open] V in Y such that V#@ and Vc f(U). 

(vi) somewhat v-irresolute if for Ue vO(c) and f-'(U) #@ , there exists a non-empty v-open set V in X such that Vc f° '(U). 


2.3. Lemma 2.1 
(i) Let A and B be subsets of a space X, if Ac RGO(X) and BeRO(X), then ANBe RGO(B). (ii)Let Ac Bc X, if Ae RGO(B) and Be RO(X), then Ac RGO(X). 


2.4. Definition 2.5 


X is said to be resolvable[resp: b-resolvable] if both A and X - A are dense[resp: b-dense] in X. Otherwise, X is called irresolvable[resp: b-irresolvable]. 
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3. SOMEWHAT rg-CONTINUOUS FUNCTION 
3.1. Definition 3.1 


A function fis said to be somewhat rg-continuous if for Ueo and f '(U) # g, there exists a non-empty rg-open set V in X such that Vc f-1(U). 

It is clear that every continuous function is somewhat continuous and every somewhat continuous is somewhat rg-continuous. But the converses are not 
true by Example 1 of [21] and the following example. 

Example 3.1: Let X = {a, b, c}, t = {@, {b}, {a, b}, {b, c}, X} and o = {@, {a}, {b, c}, X}. The function F(X, t)—> (X, o) defined by f(a) = b, f(b) = c and fc) =ais 
somewhat rg-continuous. 

Example 3.2: Let X = {a, b, c}, t = {@, {b, c}, X}, o = {@, {b}, {a, c}, X} and n = {@, {a}, X}. Then the identity functions f(X, t)— (X, o) and g:(X, o)—> (X; n) 
and g*f are somewhat rg-continuous. 

However, we have the following 


3.2. Theorem 3.1 


If fis somewhat rg-continuous and gis continuous, then gef is somewhat rg-continuous. 


3.3. Corollary 3.1 


If fis somewhat rg-continuous and g is r-continuous[resp: r-irresolute], then gf is somewhat rg-continuous. 


3.4. Theorem 3.2 

For a surjective function f, the following statements are equivalent: (i) fis somewhat rg-continuous. (ii) If C is a closed subset of Y such that f- 1(C) # X, 
then there is a proper rg-closed subset D of X such that f '(C) cD. (iii) If M is a rg-dense subset of X, then f(M) is a dense subset of Y. 

Proof: (i) =(ii): Let C be a closed subset of Y such that f 1(C) # X. Then Y-C is an open set in Y such that f '(Y-C) = X - f- (C) #@ By (i), there exists a 
rg- open set Ve RGO(X) such that V #@ and Vc f-'(Y-C) = X - f- 1(C). This means that X-V> f-1(C) and X - V = D is a proper rg-closed set in X. 

(ii) >(i): Let Ueo and f- '(U) #@ Then Y-U is closed and f- '(Y-U) = X-f- 1(U) # X. By (ii), there exists a proper rg-closed set D such that D> f° '(Y-U). 
This implies that X-D < f-'(U) and X-D is rg-open and X-D = 9. 

(ii) >(iii): Let M be a rg-dense set in X. Suppose that f(M) is not dense in Y. Then there exists a proper closed set C in Y such that f(M) < Cc Y. Clearly f 
1(C) # X. By (ii), there exists a proper rg-closed set D such that Mc f-'(C) < Dc X. This is a contradiction to the fact that M is rg-dense in X. 

(iii) (ii): Suppose (ii) is not true. there exists a closed set C in Y such that f° '(C) # X but there is no proper rg-closed set D in X such that f° 1(C) cD. 
This means that f-'(C) is rg-dense in X. But by (iii), f(f 1(C)) = C must be dense in Y, which is a contradiction to the choice of C. 


3.5. Theorem 3.3 

Let f be a function and X = Av B, where A,Bert(X). If the restriction functions fa: (A; t/a) > (Y, o) and fe:(B; te) > (Y, o) are somewhat rg-continuous, 
then fis somewhat rg-continuous. 

Proof: Let Ueo such that f° '(U) # @ . Then (fia)"'(U) # @ or (fis) 1(U) #@ or both (fa) ~'(U) # @ and (fs)~ '(U) #  . Suppose (fia) 1(U) # @ , Since fia is 
somewhat rg-continuous, there exists a rg-open set V in A such that V4 @ and Vc (fa) '(U) c f 1(U). Since V is rg-open in A and A is r-open in X, V is rg- 
open in X. Thus fis somewhat rg-continuous. The proof of other cases are similar. 


3.6. Definition 3.2 

If X is a set and t and o are topologies on X, then t is said to be equivalent[resp: rg- equivalent] to o provided if Uet and U = q, then there is an 
open[resp:rg-open] set V in X such that V # @ and V CU and if Ueo and U # Q, then there is an open[resp:rg-open] set V in (X, t) such that V4 @ and U> 
V. 


3.7. Definition 3.3 

Ac X is said to be rg-dense in X if there is no proper rg-closed set C in X such that Mc Cc X. 

Now, consider the identity function f and assume that t and o are rg-equivalent. Then f and f~' are somewhat rg-continuous. Conversely, if the identity 
function fis somewhat rg-continuous in both directions, then t and o are rg-equivalent. 


3.8. Theorem 3.4 

Let F(X, t)—> (Y, o) be a somewhat rg-continuous surjection and t* be a topology for X, which is rg-equivalent to t. Then F(X, t*)—> (Y, o) is somewhat rg- 
continuous. 

Proof: Let Veo such that f-'(V) # @ . Since f is somewhat rg-continuous, there exists a nonempty rg-open set U in (X, t) such that Uc f- '(V). But by 
hypothesis t* is rg-equivalent to t. Therefore, there exists a rg-open set U*e (X; t*) such that U*c U. But Uc f 1(V). Then U*c f° 1(V); hence £(X, t*)> (Y, 
o) is somewhat rg-continuous. 


3.9. Theorem 3.5 

Let f(X, t)— (Y, o) be a somewhat rg-continuous surjection and o* be a topology for Y, which is equivalent to o. Then f(X, t)— (Y, 0*) is somewhat rg- 
continuous. 

Proof: Let V*<o* such that f-1(V*) # @. Since o* is equivalent to o, there exists a nonempty open set V in (Y, o) such that Vc V*. Now gp=f\(V) cf 
1(V*). Since fis somewhat rg-continuous, there exists a nonempty rg-open set U in (X, t) such that Uc f° '(V). Then Uc f° 1(V*); hence f(X, t)— (Y, 0%) is 
somewhat rg-continuous. 


4. SOMEWHAT rg-OPEN FUNCTION 
4.1. Definition 4.1 


A function fis said to be somewhat rg-open provided that if Uet and Uz @ , then there exists a non-empty rg-open set V in Y such that Vc f(U). 
Example 4.1: Let X = {a, b, c}, t = {@, {a}, X} and o = {@, {a}, {b, c}, X}. The function f (X, t)—> (X, o) defined by fa) = a, f(b) = c and fc) = b is somewhat 
rg-open, somewhat rg-open and somewhat open. 


4.2. Theorem 4.1 


Let fbe an r-open function and g somewhat rg-open. Then g» fis somewhat rg-open. 


4.3. Theorem 4.2 
For a bijective function f, the following are equivalent: (i) f is somewhat rg-open. (ii) If C is a closed subset of X, such that KC) # Y, then there is a rg- 
closed subset D of Y such that D¥ Y and D> f(C). 
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Proof: (i) =(ii): Let C be any closed subset of X such that f(C) * Y. Then X-C is open in X and X-C # @. Since fis somewhat rg-open, there exists a rg- 
open set V# @ in Y such that Vc f(X-C). Put D = Y-V. Clearly D is rg-closed in Y and we claim Dz Y. If D = Y, then V = @, which is a contradiction. Since 
Vc f(X-C), D = Y-V > (Y- f(X-C)) = AC). 

(ii) (i): Let U be any nonempty open subset of X. Then C = X-U is a closed set in X and f(X-U) = {C) = Y- KU) implies (C) # Y. Therefore, by (ii), there is 
a rg-closed set D of Y such that Dz Y and f(C) c D. Clearly V = Y-D is a rg-open set and Vz @ . Also, V = Y-D c Y- {C) = Y- {(X-U) = f(U). 


4.4. Theorem 4.3 

The following statements are equivalent: (i) fis somewhat rg-open. (ii) If A is a rg-dense subset of Y, then f-'(A) is a dense subset of X. 

Proof: (i) =(ii): Suppose A is a rg-dense set in Y. If f '(A) is not dense in X, then there exists a closed set B in X such that f° '(A) < Bc X. Since fis 
somewhat rg-open and X-B is open, there exists a nonempty rg-open set C in Y such that Cc f(X-B). Therefore, Cc f(X-B) < f(f- 1(Y-A)) < Y-A. That is, Ac 
Y-C < Y. Now, Y-C is a rg-closed set and Ac Y-C < Y. This implies that A is not a rg-dense set in Y, which is a contradiction. Therefore, f(A) is a dense 
set in X. 

(ii) > (i): Suppose A is anonempty open subset of X. We want to show that rg(f(A))°# @. Suppose rg(f(A))° = @. Then, rgcX(fA))} = Y. Therefore, by (ii), f 
1(¥ - f(A)) is dense in X. But f- 1(Y- f(A)) c X-A. Now, X-A is closed. Therefore, f-'(Y- f{(A)) < X-A gives X = cl{(f '(Y- MA)))} c X-A. This implies that A = 9, 
which is contrary to A¥ @ . Therefore, rg(f(A))°# @. Hence fis somewhat rg-open. 


4.5. Theorem 4.4 

Let fbe somewhat rg-open and A be any r-open subset of X. Then fia:(A; t/a) > (Y, o) is Somewhat rg-open. 

Proof: Let Ueta such that U # @. Since U is r-open in A and A is r-open in X, U is r-open in X and since by hypothesis f is somewhat rg-open function, 
there exists a rg-open set V in Y, such that Vc f(U). Thus, for any open set U of A with Ux g, there exists a rg-open set V in Y such that Vc f(U) which 
implies fa is a somewhat rg-open function. 


4.6. Theorem 4.5 

Let fbe a function and X = Av B, where A,Bet(X). If the restriction functions fa and fis are somewhat rg-open, then fis somewhat rg-open. 

Proof: Let U be any open subset of X such that U # @. Since X = AU B, either AN U # @ or BOU # @ or both ANU # @ and Bou  @. Since U is open in X, 
U is open in both A and B. 

Case (i): If ANU # @ open in A. Since fa is somewhat rg-open, there exists a rg-open set V of Y such that VcfUMA) c fU), which implies that fis a 
somewhat rg-open. 

Case (ii): If BAU # @ open in B. Since fs is somewhat rg-open, there exists a rg-open set V in Y such that Vc {UMB) c fU), which implies that f is 
somewhat rg-open. 

Case (iii): If both ANU # @ and BOU # g. Then by case (i) and (ii) fis somewhat rg-open. 

Remark 3: Two topologies t and o for X are said to be rg-equivalent if and only if the identity function f (X, t)—> (Y, o) is somewhat rg-open in both 
directions. 


4.7. Theorem 4.6 
Let f. (X, t)—> (Y, o) be a somewhat almost open function. Let t* and o* be topologies for X and Y, respectively such that t* is equivalent to t and o* is rg- 
equivalent to o. Then f. (X; t*)—> (Y; 0*) is somewhat rg-open. 


5. COVERING AND SEPARATION PROPERTIES OF SWT.rg.c. FUNCTIONS 
5.1. Theorem 5.1 


If f is swt.rg.c.[resp: swt.rg.c] surjection and X is rg-compact, then Y is compact. 

Proof: Let {Gizic I} be any open cover for Y. Then each Gi is open in Y and hence each Gi is clopen in Y. Since f is sl.rg.c., f-'(Gi) is rg-open in X. Thus {f 
“(Gi)} forms a rg-open cover for X and hence have a finite subcover, since X is rg-compact. Since f is surjection, Y = {(X) = U%-1Gi. Therefore Y is 
compact. 


5.2. Corollary 5.1 


If f is swt.c.[resp: swt.r.c] surjection and X is rg-compact, then Y is compact. 


5.3. Theorem 5.2 

If fis swt.rg.c., surjection and X is rg-compact[rg-lindeloff] then Y is mildly compact[mildly lindeloff]. 

Proof: Let {Uizie |} be open cover for Y. For each x in X, 4 axe | such that f(x) « Usx and 3 Vxe RGO(X, x) such that f{Vx)c Usx . Since the family {Vizie I} 
is a cover of X by rg-open sets of X, J a finite subset lo of | such that Xc {Vx:xe lo}. Therefore Yo U {fVx)ixe lo}c U {Uax:xe lo}. Hence Y is mildly 
compact. 


5.4. Corollary 5.2 

(i) If fis swt.rg.c[resp: swt.r.c] surjection and X is rg-compact[rg-lindeloff] then Y is mildly compact[mildly lindeloff]. (ii) If f is swt.rg.c.[resp: swt.rg.c; 
swt.r.c] surjection and X is locally rg-compact{resp:rg-Lindeloff; locally rg-lindeloff}, then Y is locally compact{resp: Lindeloff; locally lindeloff}. 

(iii) If fis swt.rg.c., surjection and X is semi-compact[semi-lindeloff] then Y is mildly compact[mildly lindeloff]. 

(iv) If fis swt.rg.c.[swt.r.c.], surjection and X is locally rg-compact{resp: rg-lindeloff; locally rg-lindeloff} then Y is locally mildly compact{resp: locally mildly 
lindeloff}. 


5.5. Theorem 5.3 

If f is swt.rg.c., surjection and X is s-closed then Y is mildly compact[mildly lindeloff]. 

Proof: Let {Vi: Vie o(Y); ie |} be a cover of Y, then {f-1(Vi) : ie I} is rg-open cover of X[by Thm 3.1] and so there is finite subset lo of I, such that {f-"(Vi)tie 
lo} covers X. Therefore {Vi: ie lo} covers Y since fis surjection. Hence Y is mildly compact. 


5.6. Corollary 5.3 


If fis swt.rg.c[resp: swt.r.c.] surjection and X is s-closed then Y is mildly compact[mildly lindeloff]. 


5.7. Theorem 5.4 

If fis swt.rg.c.,[resp: swt.c.; swt.r.c.] surjection and X is rg-connected, then Y is connected. 

Proof: If Y is disconnected, then Y = AU B where A and B are disjoint clopen sets in Y. Since fis sl.rg.c. surjection, X = f-'(Y) = f-1(A) U f1(B) where f- 
1(A) f-1(B) are disjoint rg-open sets in X, which is a contradiction for X is rg-connected. Hence Y is connected. 
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5.8. Corollary 5.4 


The inverse image of a disconnected space under a swt.rg.c.,[resp: swt.r.c.] surjection is rg-disconnected. 


5.9. Theorem 5.5 

If fis swt.rg.c..[resp: swt.rg.c.], injection and Y is UTi, then X is rgii = 0, 1, 2. 

Proof: Let x1 # xze X, since fis injective and Y is UT2 4 VjieCO(Y, f(x))) and AV; = 6 for j = 1,2. By Theorem 3.1, xjef"(Vj)e RGO(X) for j = 1,2 and af-1(Vj) 
= $ forj = 1,2. Thus X is rge. 


5.10. Theorem 5.6 

If fis swt.rg.c., injection; closed and Y is UTi, then X is rggii = 3, 4. 

Proof:(i) Let x in X and F be disjoint closed subset of X not containing x, then f(x) and fF) be disjoint closed subset of Y not containing f(x), since fis 
closed and injection. Since Y is ultraregular, f(x) and f(F) are separated by disjoint clopen sets U and V respectively. Hence xe f-1(U); Fo f(V), f1(U); f° 
1(V)eRGO(X) and f 1(U)af *(V) = o. Thus X is rggs. 

(ii) Let Fj and (Fj) are disjoint closed subsets of X and Y respectively for j = 1,2, since fis closed and injection. For Y is ultranormal, f(Fj) are separated by 
disjoint clopen sets V; respectively for j = 1,2. Hence Fic f-1(Vj) and f-"(Vj)=e RGO(X) and nf-'(Vj) = 6 for j = 1,2. Thus X is rgga. 


5.11. Theorem 5.7 
If fis swt.rg.c., injection and 
(i) Y is UCi[resp: UDi] then X is rgCi[resp: rgDi] i = 0, 1, 2. (ii)Y is URi, then X is rg-Rii = 0, 1. 


5.12. Theorem 5.8 

If fis swt.rg.c.[resp: swt.c; swt.r.c] and Y is UT2, then the graph G(f) of fis rg-closed in XxY. 

Proof: Let (x, y)¢G(A implies y # f(x) implies 4 disjoint V; WeCO(Y) such that f(x)eV and yeW. Since fis sl.rg.c., 3 Ue RGO(X) such that xeU and {U)cW 
and (x, y)e UxVcXxY-G(f). Hence G(f) is rg-closed in XxY. 


5.13. Theorem 5.9 

If fis swt.rg.c.[resp: swt.c; swt.r.c] and Y is UT2, then A = {(x1, x2)| f(x1) = Axz)} is rg-closed in XxX. 

Proof: If (x1, X2)eXxX-A, then f(x1) # (x2) implies 3 disjoint VieCO(Y) such that f(x))<Vj, and since f is sl.rg.c., f-1(Vj)e RGO(X, xj) for j = 1,2. Thus (x1, x2) 
€ £4) x f-1(V2)e RGO(Xx X) and f-1(V1)xf-"(V2)cXxX-A. Hence A is rg-closed. 


5.14. Theorem 5.10 


If fis swt.r.c.[resp: swt.c.]; g is swt.rg.c[resp: swt.c]; and Y is UT2, then E = {x in X : f(x) = g(x)} is rg-closed in X. 


6. CONCLUSION 


In this paper we defined somewhat rg-continuous functions, studied its properties and their interrelations with other types of somewhat-continuous 
functions. 
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